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Abstract The spectral topological indices: energy and Estrada index of a graph are
generalized for any smooth function. The smooth function indices are introduced for
this purpose as well as, via positive definite square summable functions, the Shannon
entropy of a graph. Some comparative values are given between linear chains and
cycles.
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1 Introduction

Recently, there have been studied and compared two structural indices related to the
spectra of the adjacency matrix of a given graph [1].

Throughout this paper it will be employed the adjacency matrix as the source of the
eigenvalues leading to spectral indices, but the extensive definition of derived topo-
logically related matrices [2] precludes that other topologically related matrix forms
can be employed for the same purpose.

These structural indices can be easily generalized and extended. Such is the purpose
of this paper.
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Suppose that one represents by a diagonal matrix:

�(G) ≡ � = Diag{λI |I = 1, N }
the spectrum of the adjacency matrix A(G) ≡ A = {aIJ}, of a given graph G, pos-
sessing N vertices.

The energy [3] of the graph G is defined by:

E(G) ≡ E = 〈�〉 =
∑

I

|λI |

and the so-called Estrada index [4] has been described as:

EE(G) ≡ EE =
∑

I

exp(λI ).

Both indices are just particular cases of a straightforward general definition, which
can be based on the eigensystem of the adjacency matrix of a known graph or to any
of the possible transformed matrices. The Estrada index is quite interesting, as has
been successfully employed in a large variety of problems [5], among others protein
folding and complex networking.

2 Eigensystem of the adjacency matrix: applications

Indeed, as the adjacency matrix of a graph is real and symmetric, there always exists
an orthogonal transformation:U, such that:

UUT = UT U = I

which transforms the adjacency matrix into a diagonal form containing its eigenvalues
as elements:

UT AU = �.

On the other hand, given a continuous smooth real function: ϕ(x), it can be defined
the matrix of the same function of the adjacency matrix, ϕ(A) by means of:

ϕ(A) = Uϕ(�)UT

with the diagonal matrix ϕ(�) easily defined as:

ϕ(�) = Diag{ϕ(λI ) |I = 1, N }.
Defining now the trace of an adjacency matrix as:

Tr(A) =
∑

I

aII
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it is trivial to demonstrate the following property:

Tr(A) = 〈�〉,

and in general:

Tr(ϕ(A)) = 〈ϕ (�)〉 .

Therefore the graph energy can be rewritten as:

E(G) = 〈|�|〉 = Tr (|A|)

and the Estrada index by means of:

EE(G) = 〈
e�

〉 = Tr
(
eA

)
.

3 Smooth function topological indices and weighted spectral moments of a
graph

In this manner one can define a large class of topological indices, based on smooth
functions of the adjacency matrix:

SF(G) = 〈ϕ (�)〉 = Tr (ϕ (A)) .

Also, smooth functions can be expressed in terms of the specific corresponding Taylor
series:

ϕ(x) =
∞∑

K=0

θK

xK

K! ,

where it is needed the definition of a set of coefficients:
{
θK = d(K)ϕ(0)

dxK

}
, associated

to the K-th derivative of the function ϕ(x) computed at the zero value of the variable,
with the convention: θ0 = ϕ(0).

Then, one can also use the weighted spectral moments of the graph G, see reference
[1] for example, within the definition of the SF(G) index. This can be easily realized,
just writing:

SF(G) =
∞∑

K=0

θK

K!
〈
�K

〉

due that MK , the K-th spectral moment of the graph G, can be simply defined as:

MK =
〈
�K

〉
.
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Of course, the values of any SF(G) index for the two extreme graphs: ON , made by
N isolated vertices and KN , possessing N(N − 1)/2 edges, can be easily computed
as:

SF (ON) = Nϕ(0)

and

SF (KN) = ϕ(N − 1) + (N − 1)ϕ(−1),

respectively.

4 Comparison of two graphs employing their spectral moments up to a fixed
order

Spectral moments can be used to compare two diverse graphs, even possessing a
different number of vertices. Indeed, using the symbol:

〈
MP (G)

〉
= {MK(G) |K = 1, P }

to denote a P -dimensional column array containing the first P spectral moments of a
given graph G, then two graphs can be compared by means of a similarity measure:

C (GA,GB) =
(〈

MP (GA)

∣∣∣MP (GA)
〉 〈

MP (GB)

∣∣∣MP (GB)
〉)− 1

2
〈
MP (GA)

∣∣∣MP (GB)
〉

or a dissimilarity measure like:

D (GA,GB) =
(〈

MP (GA)

∣∣∣MP (GA)
〉
+

〈
MP (GB)

∣∣∣MP (GB)
〉
− 2

〈
MP (GA)

∣∣∣MP (GB)
〉) 1

2

where by the symbol:
〈
MP (GA)

∣∣MP (GB)
〉

is denoted the scalar product of the two
vectors of spectral moments:

〈
MP (GA)

∣∣∣MP (GB)
〉
=

P∑

K=1

MK (GA)MK (GB) .
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5 Probability function topological indices and Shannon entropy of a graph

Moreover, it is interesting to choose as a generating smooth function topological
index any probability density function: ρ(x), which can be constructed from any
smooth function possessing a summable square module, even if the smooth function
is defined in the complex field, as in the usual quantum mechanical lore:

ρ(x) = |ϕ(x)|2

with the additional Minkowski normalization condition:

〈ρ〉 =
∫

D

ρ(x)dx = 1.

Then, for a given spectrum of the adjacency matrix, the diagonal matrix can be com-
puted:

ρ(�) = {ρ(λI )|I = 1, N}

which can be normalized, employing the straightforward procedure:

ν = 〈ρ (�)〉 =
∑

I

ρ (λI ) → ρν (�) = ν−1ρ (�) =
{
ν−1ρ (λI ) |I = 1, N

}

→ 〈ρν (�)〉 = ν−1 〈ρ (�)〉 = 1

The Minkowski norm above being the Estrada index for the probability density func-
tion and from there one can easily define a graph (Shannon) entropy topological index
as:

S(G) = −〈ρν(�) log (ρν(�))〉 = −ν−1
∑

I

ρ (λI ) log
(
ν−1ρ (λI )

)
.

6 Tests

It is a simple matter to set up straightforward computational tests, in order to evaluate
the behavior of some of the proposed indices; for example: comparing graphs of linear
and cyclic polyenes.

When the absolute value is employed as smooth function index, the linear chains
produce lesser values of the graph energy than cycles and the Shannon entropy follows
the same trend.

When the exponential function ex is employed in the evaluation of the smooth
function index, the linear chains possess a lesser Estrada index than cycles although
this situation is reversed when computing the Shannon entropy: cycles present slightly
lower values than linear chains. However if one uses: x2ex , both parameters for cycles
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are slightly superior than in linear chains. Moreover, when using: x−2ex , then the
smooth function index is greater for cycles but the Shannon entropy is larger in linear
graphs up to eight vertices where its value goes slightly under the corresponding cycle.

For a smooth function like a Gaussian: ex2
, unfolding a cycle produces an decrease

of the smooth function topological index, while Shannon entropy computed from ren-
ormalization of the same smooth function is greater for linear chains up to 10 vertex
graphs; after this vertex number, the cycle’s entropy becomes slightly larger.

For the hyperbolic cosine, the smooth function index for cycles is greater than for
linear graphs while in the Shannon entropy values this tendency is reversed giving
slightly greater values for linear structures than for cycles.

For the hyperbolic secant from five vertex graphs and up, the smooth function index
and Shannon entropy are greater for linear structures than for circles.

When increasing the number of vertices, smooth function indices tend to become
equal for both structures and entropy also becomes a similar number as well.

7 Conclusions

A general smooth function family of topological indices has been studied. The well
known energy and Estrada indices of a graph can be seen as nothing else but partic-
ular definitions of the proposed general structure. The described framework permit
to extend the smooth function topological indices to probability functions and via a
simple renormalization, the Shannon entropy of a graph can be also computed. Spec-
tral moments play a leading role in the developed theoretical definitions and can be
employed to set similarity and dissimilarity indices between two different graphs.
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